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Abstract

Sea level has risen on order of 100m since the Last Glacial Maximum (LGM),
increasing the load on continental shelves and inducing lithospheric flexure. An
analytic solution for the deflection of a linear slope due to sea level fluctuations
is derived, based on a one-dimensional elastic plate model. This analytic solu-
tion provides deflection estimates of global continental shelves, due only to the
increases in water loading, effective elastic thickness (which is a proxy for the
strength of the lithosphere) (2°×2°resolution) and the local shape of LGM con-
tinental margins (one-arc minute resolution). Changes in eustatic sea level are
thus disengaged from changes in relative sea level. Variations in water loading
can alter the slopes of continental shelves on the order of 30%, but importantly
the magnitude is regionally variable. Hydro-isostasy adds to the magnitude of a
sea level rise, long after the eustatic component of the sea level rise has ended.
A sea-level rise will produce a steepening of a continental shelf. A sea-level drop
causes a decrease in shelf gradient and an increase in the total shoreline regres-
sion. Quantifying this effect is essential to reconstructing stream gradients, or
estimating sediment delivered by rivers, for estimating accommodation space
through a sea level cycle, and to support the use of paleo-shoreline to estimate
eustatic sea-level fluctuations.
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1. Introduction

The outermost layers of the Earth deflects in response to a load applied to it.
One loading source might be the weight of a growing ice sheet. Another source,
and the topic of this paper, is the increase in the weight of water overlying
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flooded areas during a marine transgression. Sea level rise over a continental
shelf produces a wedge-shaped loading pattern that increases from the land-
ward shoreline until it reaches its maximum at the lowstand shoreline. This
asymmetric loading pattern causes a steepening of the shelf. A fall in sea level
has a similar effect, but opposite in sign. The wedge-shaped unloading pattern,
due to a sea-level drop, causes a decrease in shelf gradient and an increase in
total shoreline regression. Quantifying this effect is essential to reconstruct, for
instance, hypsometric drainage curves, stream gradients used to calculate pa-
leo sediment delivery, or accommodation estimates during periods of different
sea level elevations. The amount of subsidence is also crucial for interpreting
sea-level measurements. As a simple example, while the water depth of a paleo-
shoreline gives an estimate of relative sea-level change, without an estimate
of the amount of deflection at this location, eustatic sea-level change remains
unknown.

The two main models used to predict deflections of Earths lithosphere due
to overlying loads are hydrostatic and flexural models ([? ]; [? ]). Hydrostatic
models essentially treat the crust as a series of pistons placed alongside one
another that operate independently. Such models assume that a load applied to
a particular location is completely compensated for only by the mass directly
beneath it ([? ]). The governing equations for this type of model are easily
solved to produce analytic solutions that can describe complex loading patterns.
Despite this however, their basic assumptions limit their use to large regions (for
example, wavelengths greater than 400 km; [? ]).

The second approach, the flexural model, assumes the lithospheres response
is more regional than local and can be modeled using an elastic plate that
overlies a weak fluid substratum (e.g. Jeffreys, [? ], [? ]; [? ]; [? ]).

The upper crust is the plate that extends infinitely in all directions, while the
lower crust and upper mantle form the elastic foundation. In such models, a rigid
lithosphere allows a load to be compensated by mass that is not directly below it.
Typically, such models are more complex than their hydrostatic counterparts,
but provide better predictions. Two-dimensional flexural models have had a
wide range of success, ranging from identifying lithospheric bending beneath
volcanic ocean islands and seamounts (e.g. [? ]; [? ]), large river deltas (e.g. [?
]) and post-glacial rebound due to melting glaciers (e.g. [? ]; [? ]).

While more accurate, these types of models typically require larger amounts
of input data. In addition, analytic solutions exist for only the simplest loading
patterns; elsewhere notoriously slow numerical methods are required ([? ]), and
most brute force methods are of order N2 (where N is the grid size).

Our first goal is to present an analytic solution that solves the 1D flexure
equation for a loading pattern that approximates that of sea-level rise (and fall)
over a linearly dipping continental shelf. Although recent models solve more
complex problems, such as viscoelastic deformations on a fully 3D Earth ([? ];
[? ]; [? ]), our goal is different. A simple analytic solution, using a limited
number of easily attainable input parameters, quantifies the first order affects
of water-load induced subsidence on coastal regions.

Our second goal is to apply the analytical solutions to real-world examples.
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In particular, we predict what affect sea-level rise may have had on the seafloor
of the Adriatic Sea. In addition to providing an estimate of the seafloor at the
LGM, the analytic approximation is compared to a numerical model that solves
the full equation using real bathymetric data. As a second test, we apply the
analytic model to all of Earths continental shelves. Using a global bathymetric
dataset ([? ]), we calculate present-day shelf slopes, and widths. This allows
us to calculate shelf slope at the LGM (given some simplifying assumptions),
and the amount of eustatic sea-level change that produced todays shelves. We
further show how this changes in shelf gradient impact sediment delivery by
rivers that cross the shelf during lowered sea level.

2. The Governing Equation

For this paper, we use an elastic plate model to predict deflections of Earths
lithosphere under loading. For a load distribution that varies in only one direc-
tion, the elastic flexure equation becomes

D
d4w

dx2
+N

d2w

dx2
+ ∆γgw = q(x) (1)

where w is deflection from a datum, x is distance (perpendicular to loading),
D is flexural rigidity, N is interplate force, q is load distribution, and ∆γ is
density difference between the material that underlies the flexed plate and the
material that infills the flexure of the surface of the plate. The two right-most
terms in Equation (??) represent local isostatic balance. The flexural rigidity
(first) term reflects the stiffness of the lithosphere, which causes a load to be
felt non-locally. The second term adds a component to the total deflection due
to inter-plate stress. For our analysis will assume this contribution is negligible
([? ]).

We do not derive the solution of the elastic flexure equation, as it is beyond
the scope of this paper. The interested reader can find detailed derivations
in [? ], [? ], or [? ]. Our derivation makes four basic assumptions: (1) the
lithosphere has a linear elastic rheology, (2) the deflections are small, (3) the
elastic lithosphere is thin compared to the horizontal dimensions of the plate,
and (4) planar sections within the plate are planar after deflection. Because the
lithosphere is linear (assumption (1)), the resulting deflection due to multiple
(or distributed) loads is calculated by integrating over these loads.

The non-dimensional parameters are,

x̄ =
x

α
, w̄ =

∆γ

q0
w, q̄ =

q

q0
(2)

where the flexural parameter, α, is defined as,

α ≡ 4

√
4D

∆γg
(3)
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and q0 is the maximum load due to some sea-level rise or fall. With these
substitutions, Equation (??) is,

d4w̄

dx̄4
+ 4w̄ = 4q̄ (4)

For a line load of magnitude q0 applied at the origin of an infinite plate (q(x̄ =
q0δ(x̄) ), the solution of Equation (??) is,

w̄(x̄) = εe−|x̄| (cos |x̄|+ sin |x̄|) (5)

where ε is the half-width of the impulse function. Although in practice true line
loads are not encountered, this solution of the flexure equation is important in
constructing deflections due to arbitrary distributed loads. To do this, we take
advantage of the fact that the flexure equation is linear with x. Thus, the sum
of any number of specific solutions is also a solution.

3. The deflection of a continental shelf due to sea-level rise and fall

To apply the solution presented by Equation (??), to a continental slope
that experiences loading (or unloading) due to sealevel rise (or fall), a loading
pattern is constructed to approximate this change in load overlying the shelf.
The first assumption is that the continental shelf is a linearly dipping plane
and that we are measuring deflections along a dip profile. The assumption that
continental shelves are linear is examined later, along with how the solution
applies to non-linear shelves. For now though, we construct a loading pattern
for a rise in eustatic sea level over a linear shelf.

The increase in the water-load resulting from a rise in sea level felt by an
infinite slope is (Figure ??A),

q̄(x̄) =


0 x̄ < 0,

x̄ 0 ≤ x̄ < 0,

x̄0 x̄ ≥ x̄0

= Rx̄0(x̄) (6)

Thus, the water load is zero at the origin and increases linearly (with unit slope)
until x̄ = x̄0, after which the load is constant. Integrating the line load solution
(Equation (??)) over this distributed load gives an equation of the deflection of
a linear shelf due to a rise in sea level (Figure ??C),

w̄(x̄) =
1

4x̄0
(F (x̄)− F (x̄− x̄0) + 4Rx̄0

(x̄)) (7)

where we define the function F (x) as,

F (x) = e−|x| (cos |x| − sin |x|) (8)
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3.1. Water loading

This non-dimensional equation (Equation (??)) gives the shape of the deflec-
tion due to rising (and falling) sea level. For a rise in eustatic sea level of ∆ze,
one can dimensionalize the deflection through Equation (??) with q = γw∆ze.
Because the initial shelf is linear (with gradient S0), the change in eustatic sea
level relates linearly to the amount of transgression as x̄0 = ∆ze

S0
.

When the initial slope is deflected due to this increase in water loading,
accommodation is increased. During transgression, water fills the new space
created by subsidence and so further increases the load on the shelf. To model
this important feedback, the specific gravity contrast (Deltaγ) in Equation (??)
is set as,

∆γ = γm − γw (9)

where γm and γw are the specific gravity of the mantle and water, respectively.
This is only an approximation, since it assumes that only water fills deflections.
In reality, deflections on land will be filled with air (and perhaps, ultimately,
sediment), and so the limit of this approximation will be most evident landward
of the new (highstand) shoreline.

3.2. Water unloading

The unloading of the shelf due to falling sea level is similar (but opposite
in sign) to the loading pattern of rising sea level (Equation (??); Figure ??B).
Unlike the sea-level rise case, either water or air will fill deflections. We account
for this be redefining the maximum load (q0), the regression distance (x0), and
the specific gravity contrast (∆γ). The maximum load in Equation (??) is
located at the new (low-stand) shoreline, x0. This is the position of the land-
water interface after sea-level fall and uplift have been accounted for. The load
at this position is,

q0 = −γw∆zr (10)

where ∆zr is the relative change in sea level at the low-stand shoreline (x = x0).
This loading pattern accounts for water-filled deflections. Further deflections
due to this unloading are assumed to be filled with air, and so the specific
gravity difference is,

∆γ = γm (11)

This assumes that the specific gravity of air is much less than that of Earths
mantle.

3.3. New shoreline position

In the absence of sedimentation, sea-level rise necessarily results in shoreline
transgression. Likewise, falling sea-level forces a regression. In both instances,
deflections due to the change in water loading will act to augment either the
transgression or regression. From Equation (??) uplift is of primary importance
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to the amount of regression, although the amount of transgression is not greatly
affected by subsidence.

For sea-level rise over a linearly dipping profile, the amount of transgression
is the sum of that due to eustatic sea-level rise (x̄0) and water-load induced
subsidence (δx̄). Applying deflections from Equation (??) to a linear profile
gives a solution for the portion of transgression due to water unloading,

δx̄ =
σr
4

(F (δx̄)− F (δx̄+ x̄0)) ≈ σr
2(2 + σr)

(
1− F (x̄0) +O2(δx̄)

)
σr =

γw
γm − γw

(12)

Under the same circumstances, a sea-level drop results in a regression that is
the sum of that due to eustatic sea-level change and uplift caused by water
unloading. Deflections from Equation (??) added to a linear profile provide a
solution for the amount of regression due to the uplift that results from sea-level
fall. We express this increase as Deltax̄,

δx̄ = σf x̄0 +
σ

4
(1− F (x̄0))

σf =
γw
γm

(13)

Figure ?? plots the increase in transgression (Figure ??A) and regression (Figure
??B) normalized to the change in shoreline position due only to an adjustment
in eustatic sea level. In each case, the dimensional form of Equations (??) and
(??) are plotted, for three initial shelf gradients over a range of eustatic sea-
level changes. Figure ??A shows that increase in transgression is most evident
for both small changes in sea level and on shallower shelves. In all cases, the
transgression increase is less than (and typically, much less than) 25%. In fact,
Equation (??) suggests that water-load induced subsidence added only a few
percent to the transgression of much of Earths shorelines since the last glacial
maximum.

Figure ??B shows uplift due to water unloading has a significant impact on
regression distances. For all cases, the removal of water load causes at least at
45% increase in the seaward movement of the shoreline. From Equation (??)
we calculate the limiting value for large sea-level drops to be σf (for this case
we used σf0.31).

3.4. Average Slope of the New Profile

The asymmetrical loading resulting from a rise in sea level causes the shelf
gradient to increase within the range of transgression. The slope of the profile at
more seaward positions is not significantly changed as the local loading pattern
approximates that of a uniform load. To determine the average shelf gradient
that results from such a loading pattern, we apply deflections of Equation (??)
at x̄ = 0 and x̄ = x̄0 to a shelf that dips linearly with gradient, S̄0. Doing this
gives an expression for the average gradient following subsidence (S̄1),
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S̄1

S̄0
= 1 + σr +

σr
2x̄e

(F (x̄e)− 1) (14)

In a similar manner, Equation (??) provides a solution for the reduction of slope
due to uplift caused by water unloading. The slope of the shelf will be reduced
by an amount,

S̄1

S̄0
= 1− σf

2x̄0
(F (x̄0)− 1 + 2x̄0) (15)

Figure ?? (C and D) plots the dimensional versions of the above two equations
for slope amplification (shelf gradient following sea-level change normalized to
initial gradient). As expected, rising sea level causes the shelf to become steeper,
while falling sea-level results in shallower shelves. In both cases, the result of
adjusting sea level is more pronounced on shelves with shallower initial gradients.
From Equation (??) shelf steepening asymptotes to 1 + σr (or approximately
1.45) for large sea-level changes. Large sea-level drops cause shelf gradients to
shallow to approximately 69% (1-σf ) of their initial value.

3.5. Increase in Accommodation

Accommodation is critical to the amount of erosion and sediment delivery
to an adjacent continental margin. Terrestrial accommodation is created or
destroyed when the top of the fluvial/coastal plain system subsides below or
is uplifted above the ”theoretical equilibrium profile”, defined as a graded or
dynamic surface upon which there is no net sediment accumulation or erosion
([? ]; [? ]). The effect of base (sea) level change on fluvial systems depends
upon factors such as rate of change, amount of change, direction of change, river
character, and dynamics and erodibility of the sediment source area ([? ]).

Without subsidence or sedimentation, an increase in base level results in
greater total accommodation. The total amount of water increases and so is able
to accommodate a larger amount of sediment. For a linearly dipping plane (with
gradient S̄0), the total accommodation up to a distance x̄ from the shoreline is,

A =

∫ x̄

0

S̄0x̄dx̄ =
1

2
S̄0x̄

2 (16)

Thus, by increasing the upper limit of the integration, a rise in sea level increases
the total amount of accommodation. This is deceiving though since much of
this new accommodation is far from the shoreline where sediment cannot reach.
In fact, for a linear slope, there is no change in accommodation near to the
shoreline. However, water-loading induced subsidence will cause an increase in
proximal accommodation.

Integrating Equation (??) over the transgression distance gives the contri-
bution of water-load induced flexure to shelf accommodation,

∆A =

∫ x̄

0

w̄(x̄)dx̄ =
1

2x̄0

(
e−x̄0 sin(x̄0)− x̄2

0 − 1
)
→ ∆A

A
≈ σr

(
1− x̄2

0

)
(17)
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As we have shown, when sea-level falls the uplift due to water unloading causes
the slope over this distance to decrease. However, the slope landward of the
new shoreline is not significantly changed. Thus, water unloading has caused
little change in the amount of accommodation seaward of the shore. However,
the amount of landward accommodation changes significantly. Over the region
of sea-level fall, the change in accommodation is,

∆A =

∫ x̄

0

w̄(x̄)dx̄ =
1

2x̄0

(
e−x̄0 sin(x̄0)− x̄2

0 − 1
)
→ ∆A

A
≈ σf

(
1− x̄2

0

)
(18)

Thus, to first order, the accommodation is reduced by a factor of σf .

4. Time-dependence

Lithospheric deflections due to sea-level changes are a function of time as
well as load ([? ]). The two main causes are time-varying sea-level curves, and
the response time of the lithosphere.

As sea level rises or falls from one shoreline to another, the water-loading
pattern of the shelf also changes with the transgression (or regression). Ignoring
subsidence for a moment, a change in sea level (η) on a linear shelf (with gradient
) will cause the shoreline to move a distance, ξ,

ξ(t) =
η(t)

S̄0
(19)

Using the coordinate system for rising sea level, ξ is equivalent to x̄0. However,
the origin now moves in response to the changing sea level. Thus, Equation
(??) is rewritten in a coordinate system whose origin is fixed to the starting
shoreline position,

w̄(x̄, t) =
1

4ξ̄

{
F
(
x̄− ξ̄

)
− F (x̄) + 4Rξ̄

(
x̄+ ξ̄

)
rising sea level,

F (x̄)− F
(
x̄− ξ̄

)
+ 4Rξ̄(x̄) falling sea level

(20)

Figure ??A shows the response of three points to a linearly rising sea level. To
dimensionalize Equation (??), a uniform rise in sea level of 120 m over a shelf
with gradient 0.001 is considered. Figure ??A plots deflections at the positions
of the initial (solid) and final (dash-dot) shorelines, as well as the halfway point
(dashed). Although the initial shoreline position responds quickly to rising sea
level, the signal takes significantly longer to be seen at the other two locations.
In fact, a landward-propagating forebulge initially causes a small amount of
uplift at more inland positions. The time dependence of these curves is purely
a result of a time-varying sea-level change.

Time-varying subsidence curves also result from the response time of Earths
lithosphere. After a load is applied, the lithosphere slowly relaxes as the viscous
asthenosphere moves to make way for the deflection. Although this relaxation
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time is a function of the asthenosphere’s viscosity, we parameterize it through a
relaxation time, λ. Using this parameterization, the deflection becomes ([? ]),

w(t̄) =
(

1− e−t̄
)
w∞ (21)

where t̄ is elapsed time since the load was applied (non-dimensionalized by
the relaxation time), and w∞ is the equilibrium deflection. Since the governing
equation (Equation (??)) is linear, the deflection due to additional loads is a sum
of their separate deflections. If loads are continuously applied over 0 < t̄0 < T ,
the deflection is,

w(t̄) =

∫ T

0

w∞(t̄0)
(

1− x−(t̄−t̄0)
)
Ht̄0(t̄)dt̄0 (22)

where Ht̄0 is the Heaviside step function (with a unit step at t̄0). Although
we cannot solve this equation for a general w/infty, we consider the specific
examples of linear and sinusoidal loading. If the total applied load increases
linearly at rate m, Equation (??) yields deflection as a function of time,

w(t̄) = m

{
e−t̄ + t̄− 1 t̄ ≤ T,
e−t̄ + T − e−(t̄−T ) t̄ > T,

(23)

Figure ??B shows the deflections with time for two loading situations that apply
the same amount of weight. The load represented by the solid line in Figure
??B is applied over twice the amount of time as the dashed line. For the slower
loading rate, the lithosphere comes closer to reaching its equilibrium deflection
when the loading ends (in this case, 80% compared to 63%). The amount of
deflection at the end of a loading period is expressed as,

w(T ) = w∞

(
1 +

e−T − 1

T

)
(24)

As an example, consider a lithosphere with a relaxation time of 2500 years. If we
assume that sea level rose at a constant rate over a time of 12,000 years, Equation
(??) estimates the deflection at the end of this period to be approximately 79%
of its equilibrium amount.

For a sinusoidal forcing function with frequency, a, the deflection as a func-
tion of time becomes,

w(t̄) =
w∞
a2 + 1

{
ae−t̄ − a cos(at̄) + sin(at̄) t̄ ≤ T
aet̄
(
1− eT (cos(aT ) + a sin(aT ))

) (
a2 + 1

)
sin(aT ) t̄ > T

(25)
Figure ??C shows lithospheric deflection (solid line) for sinusoidal forcing with
a wavelength of about 7800 years (dashed line). The response of the lithosphere
lags the forcing by about 1400 years. This lag is a function of the frequency of
the forcing sine curve,
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∆t̄ =
1

a

(
tan−1

(
−1

a

)
+
π

2

)
(26)

Figure ??D shows this lag time (normalized to a relaxation time of 2500 years)
for a range of wavelengths (solid line). For long-wavelength forcing, the lag
time approaches 1 (the relaxation time). However, an increase in frequency
causes a decrease in lag time that approaches zero. Using the lag time from
Equation (??), the maximum amplitude of the response curve (Equation (??))
is expressed as a function of frequency,

wmax(a) =
1

a2 + 1
(sin(at̄)− a cos(at̄)) (27)

Figure ??D plots the attenuation (dashed line) of the forcing signal for a range
of wavelength (assuming a relaxation time of 2500 years). The attenuation is the
maximum deflection normalized to the equilibrium deflection. Low-frequency
forcing allows the lithosphere to respond by closely approaching its equilibrium
value. For long-wavelength forcing, on the order of hundreds to thousands of
years, the lithosphere hardly responds at all (less than 20%).

5. Application

In the following sections, some general ways that the derived analytic solu-
tions can be applied to real-world situations are discussed. Two case studies are
provided where the model is applied to reconstruct paleo-bathymetry.

5.1. Reconstruction a sea-level curve

Given a modern profile with the locations and ages of paleo-shorelines, one
is able to construct a sea-level curve that will pass through these points at the
correct times. The resulting curve is a measure of the rise and fall of relative
sea level at the (moving) shoreline. As an example of how such a sea-level curve
would change with the inclusion of water loading induced subsidence consider
Figure ??.

The present-day profile (solid line) is given with the time and location of
a paleo-shoreline (point A). The rise in relative sea level over this time is the
current water depth. In the absence of subsidence, this rise is equivalent to the
change in eustatic sea level. However, the rise in sea level caused the initial
profile (dashed line) to subside. The change in relative sea level is expressed as,

∆z̄r(x̄) = ∆z̄e + w̄(x̄) (28)

Relative sea level is a function of x̄ due to the uneven water loading. If point
A represents a paleo-shoreline, then one can solve for the eustatic sea-level rise
that created this profile. Solving for ∆ze at x̄ = x̄0, provides the eustatic change
in sea level that produced the observed relative sea-level change,
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∆z̄e =
1

σr
− 1

4x̄0
(F (x̄0) + 4x̄0 − 1) (29)

Figure ?? E and F plots relative sea level change (at the lowstand shoreline) as
a function of a change in eustatic sea level. The dimensional form of Equation
(??) is plotted for three initial shelf slopes. Despite the seemingly complex form
of Equation (??), the ratio of relative to eustatic sea level is nearly constant
(approximately 1 + σr).

If A were not a shoreline, but rather some arbitrary water depth, the problem
becomes more difficult. We generalize Equation (??) to,

∆z̄e =
1

σ
− 1

4x̄0
(F (x̄A) + F (x̄A − x̄0) + 4x̄0) (30)

Point A is no longer a shoreline, so that x̄0 is now unknown and one cannot solve
explicitly for ∆ze. However, as noted previously (Equation (??)), sea-level rises
do not cause significant changes in slope seaward of the low-stand shoreline.
Thus, one can estimate the position x̄0 using the present-day slope along with
the paleo-water depth of point A.

The case of reconstructing a falling sea-level curve is slightly different. For
instance, if point A is now the current (low-stand) shoreline, and point B is a
paleo-shoreline from some higher sea level, then the difference in elevation of
these two points is roughly the same as the drop in eustatic sea-level. This
is because the highstand shoreline saw only small deflections (Equation (12)).
Thus, when reconstructing a falling sea level curve, the high-stand shoreline
provides a nearly stationary datum from which one can make eustatic sea-level
measurements. The amount of deflection at the upper shoreline (w̄(0)) relative
to the measured change in sea level gives an estimate of the error (ε) for such a
measurement,

ε =
w̄(0)

∆z̄e − w̄(0)
= w̄(0) (31)

Equation (??) provides an expression for w̄(0) as a function of the non-dimensional
distance between high-stand and low-stand shorelines (x̄0).

5.2. The Adriatic Since the LGM

Water loading on the Adriatic Sea due to sea-level rise since the last glacial
maximum provides an example of how the presented analytic solutions can be
used in a real-world situation, how accurate it is despite a non-linear shelf, and
how it compares to the full (numerical) solution.

The northern part of the Adriatic Sea has a gently dipping shelf with water
depths of less than 100m. This extends for about 250km, until the bathymetry
steepens into a small basin, the Mid Adriatic Deep. Figure ??A shows a repre-
sentative profile of the Adriatic that begins at the Po River delta and continues
south until the beginning of the Mid Adriatic Deep (red curve). Thin Quater-
nary deposits litter the shelf ([? ]). From these strata, [? ] estimate the LGM
shoreline to have been at a water depth of approximately 120m.
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The green curve of Figure ??A is a linear approximation of the Adriatic
shelf. With this approximated shelf, Equation (??) provides the change in eu-
static sea level that produced the observed the change in relative sea level of
120m. Figure ??B shows the approximated shelf (green line) with this relative
sea level drop. For comparison, Figure ??B also shows the result of a numer-
ical model that solves the flexure equation for irregular bathymetry (red line).
Both models show close agreement in the overall slope of the shelf. However,
the two solution methods disagree slightly in the amount of eustatic sea-level
change needed to produce the observed relative sea-level change. The numerical
model and Equation (??) predicted a eustatic sea-level change in 93m, and 80m,
respectively. The 13m difference is attributable to the deviation of the actual
bathymetry from a linear plane, especially near the lowstand shoreline.

The analytic approximation provides a quick and easy method to predict the
general seafloor shape given a change in sea level. In the case of the Adriatic, [?
] take this process a step further and use the numerical model Sedflux to account
for both water weight and the weight of the thin Quaternary deposits. Although
the details of the estimated paleo-bathymetry differ, the analytic approximation
captures the general profile shape.

5.3. The Steepening of Global Shelves Due to Sea-Level Rise

Our analytic model is applied to all of Earth’s continental shelves in a way
similar to the Adriatic tests. However unlike those tests, the large size of the
input data prohibits the use of the numerical solution for comparison. The
General Bathymetric Chart of the Oceans (GEBCO; [? ]) provides digitized
bathymetry for the World’s Oceans at a scale of one arc-minute (approximately
2 km). Applying our approximation to these data, we estimate the contribution
of water loading to the steepening of continental shelves.

To use Equation (15) to estimate the change in shelf slope, we first measure
the slopes and widths of all the present-day continental shelves. Starting at each
coastal pixel, the downstream path is followed until a maximum in bathymetric
curvature is found. The collection of points along this path defines a continental
shelf. The distance between the two end points defines the shelf width, and a
linear regression through these elevations estimates the average shelf slope. This
procedure provides us with over 250,000 continental shelves, each with their own
width and slope.

Figure ?? shows histograms of measured shelf width (A), gradient (B), and
the R2 value for the linear regression (C). The density function of shelf width is
approximately exponential with a maximum at about 60km (this is somewhat
artificial since we ignored shelves that contained fewer than 25 points). For
our analysis, the shelf width defines the amount of transgression since the last
glacial maximum (x̄0 in Equation (15)).

The distribution of shelf gradient is approximately lognormal with a mean
of -3.4 (approximately 0.3 m/km). The large, gently dipping arctic shelves
contribute to the two spikes around -4 and -4.3. The projection of the GEBCO
dataset results in a stretching of the coastlines closer to the poles, and so this
procedure identifies a larger number of coastal pixels per unit length of coastline.
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In Figure ??C we estimate the linearity of the continental shelves of the
world. This is important in testing our initial assumption that sea-level rise
occurs over a linearly dipping profile. Over 60% of the identified shelves show
R2 values greater than 0.7. For this study, we consider only those profiles that
fall into this category.

Cross-shore distance, x̄0, in Equation (15) is non-dimensionalized with re-
spect to the flexure parameter, α (Equation (3)). Thus, the change in shelf
slope will also depend on the regional value of the flexural parameter. Crustal
thickness, H, is related to flexural rigidity, D, and so α becomes a function of
crustal thickness,

D =
H3E

21 (1− ν2)
⇒ α =

H3E

3∆γ (1− ν2)
(32)

where ν is Poisson’s ratio (0.25), and E is Young’s modulus (7× 1010 Nm−2).
The crust-2.0 model ([? ]) predicts global crustal thickness on a 2°×2°grid for
the globe (Figure ??). This, along with Equation (??), estimates the flexural
parameter for Earth’s continental shelves.

With these data, we solve for the shelf slopes (SLGM) at the LGM given the
measured shelf widths (x̄LGM),

SLGM

SHS
= 1− σf

2x̄LGM
(F (x̄LGM)− 1 + 2x̄LGM) (33)

We non-dimensionalize the transgression distance with α = 60 km, and use
σf = 0.31. Figure ?? shows the ratio of LGM slope to current shelf slope.
The purple areas show the extent of glaciers at LGM as predicted by ICE4G.
Because ice loading induced subsidence was significant in these regions, with
analysis has limited applicability. The steeper shelves along tectonically active
margins show the least change, while the large shelves of passive margins show a
reduction of up to 70% of present-day values. This is, however, only an estimate
of the effect of water-load induced subsidence, as no effort has been made to
include effects of either thermal subsidence or subsidence from ice or sediment
loading.

5.4. Sediment Delivery to Continental Margins During Lowered sea Level

Rivers transport a bed-material load, which involves sedimentary particles
that are intermittently in contact with the channel bed. There are many
theoretical-empirical steady-state formulae used to calculate this transport rate.
For example a modified [? ] bedload transport is a linear function of river gradi-
ent. The Einstein-Brown equation ([? ]) gives the volumetric (total) sediment
discharge as a function of the square (≈ 2.1) of the river gradient. Thus the up
to 30% less steep shelf gradients that rivers crossed during the LGM period must
be taken into account when modeling the sediment delivery to a LGM coastal
zone. The analytical solution provided above could be readily incorporated
into Landscape Evolution Models (e.g. [? ]) employed for LGM simulation of
Pleistocene landscape dynamics.
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6. Summary

An analytic solution to the 1D flexure equation to approximate lithospheric
deflections on a continental shelf that result from changes in sea level is pre-
sented. Although the model is not complex, it isolates and quantifies the first
order response of continental shelves to water loading. From the analytic so-
lution, approximations that predict the change in specific shelf properties due
to sea level changes is derived. In particular, the change in shelf gradient is
quantified, along with the intensification of either a transgression or regression.
Although the contribution of subsidence to shoreline transgression is minimal,
its impact on transgression is significant. Because of the models simplicity, these
relations provide researchers the ability to obtain quick first-order reconstruc-
tions of paleo-surfaces without having to run a complicated numerical model.

Because of the speed of the analytic solution, we apply the model to all of
Earths continental shelves. Using a global bathymetric dataset, the slopes and
widths of present-day continental shelves are determined along with an estimate
of the effect of sea level rise since the last glacial maximum on shelf slope
worldwide. Results indicate that water loading since the Last Glacial Maximum
may have had little impact on narrow shelves along active margins. However,
along wider shelves typical of passive margins, increases in shelf gradient may
reach 30%.

7. Notation

D Flexural rigidity, 1023 Nm
w Deflection, m
x Position, m
x0 Position of lowstand shoreline, m
δx Additional transgression due to subsidence, m
∆x Additional regression due to subsidence, m
∆γ Difference in specific gravity of mantle and fill material, Nm−3

γm Specific gravity of mantle, 33× 103 Nm−3

γw Specific gravity of sea water, 10.3× 103 Nm−3

q Load, Nm−3

S0 Initial shelf gradient, −
S1 Final shelf gradient, −
∆ze Change in eustatic sea level, m
∆zr Change in relative sea level, m

Any symbol with an overbar is the non-dimensional version of the corre-
sponding symbol listed in the above list. In all cases, quantities are non-
dimensionalized through Equation (??).

Figures
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Figure 1: Distributed load used to represent loading (unloading) of a shelf due to sea-level
rise (A) and fall (B). (C) Deflection due to sea-level rise over a linear shelf (Equation (7)).
Deflection due to sea-level fall is identical but opposite in sign (uplift, rather than subsidence).
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Figure 2: Analytic solutions for flexure of a linear shelf due water loading for sea-level rise
and fall. Three initial shelf gradients are considered: 0.01 (dash-dot), 0.001 (dot), and 0.0001
(solid). For sea-level change over linear shelves, the contribution of water-load induced subsi-
dence to shoreline transgression (A) and regression (B). Amount of increased shoreline change
is normalized to total change in shore position. Although subsidence contributes little to
regression, uplift resulting from water unloading accounts for between 30% and 50% of total
regression. Panels C and D plot fractional change in shelf gradient resulting from sea level
rise (C) and fall (D). Final shelf slope is normalized to its value before sea-level adjustment.
Panels E and F show change in relative sea level is nearly linear with change in eustatic sea
level. Here we measure relative and eustatic change in sea level at a low-stand shoreline that
results from sea-level rise (E) and fall (F).
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Figure 3: Deflection is a function of time due to time varying sea-level curves and lithospheric
relaxation time. (A) Time-varying deflection of three points along a shelf as sea level rises at
a constant rate. Lowstand shoreline (solid line) subsides nearly linearly from onset of sea-level
rise. Point located at the middle of the transgression (dotted line) and eventual highstand
shoreline (dot-dashed line) responds more slowly as transgression proceeds. (B) Loading of
dashed line is applied twice as quickly as solid line. (C) Deflection (solid line) lags forcing
(dotted line) and is attenuated. (D) Lag time (solid line) and attenuation (dotted line) as a
function of wavelength of forcing sine function.
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Figure 4: Sketch of how a shelf responds to rising sea level. Dashed line shows initial sea floor
with shoreline at x=x0 (point A). Sea-level rise causes shoreline transgression from point A
to point B, and resulting increase in water loading causes subsidence of Point A.
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Figure 5: Numerical experiments that attempt to reconstruct seafloor of the Adriatic at LGM.
Panel (A) presents current bathymetry (red line) of the Adriatic and a linear approximation
(green line). Panel (B) compares LGM bathymetry of analytic solution (green line) to numer-
ical solution (red line) assuming a relative drop in sea level of 120m.
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Figure 6: Histograms of measured shelf properties obtained from GEBCO global bathymetric
data. Shelf widths (A) form an exponential density function. Shelf gradients (B) are approx-
imately log-normal with mean of -3.3. Over half of measured shelves display an R2 value of
greater than .8 to a linear regression (C).
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Figure 7: Global map of crustal thickness on a 2°by 2°grid. Data are taken from CRUST2.0
model ([? ]). Distribution of crustal thickness along continental margins are narrowly centered
at 25 km.
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Figure 8: Estimate of shelf-slope change due to increased water loading of Earths shelves since
LGM. Purple areas indicate ice cover at LGM. Gradients of wider shelves were up to 70% less
than that of today. Slopes of narrower shelves, especially those along active margins, were
not significantly impacted.
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