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Granular materials are all around us



Defini&on
Conglomera*on of discrete solid and 

macroscopic par*cles characterized by 
inelas*c interac*on

(loss of energy)



Sand takes many forms



Force chains
h"ps://youtu.be/da8763Km0h8

https://youtu.be/da8763Km0h8
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Damsgaard et al. 2013 J. Geophys. Res.-
Earth 118



Modeling of granular materials



Mul$-scale problem
J-Y. Delenne, from slides for STAiR PhD course 2011



sphere
h"ps://github.com/anders-dc/sphere

• 3D so'-body Discrete Element Method

• Op9onal fluid coupling:
Saturated: Navier-Stokes or Darcian flow
Unsaturated: capillary cohesion

• ~30k LOC in CUDA C, C++, Python

• Free so'ware and open source, GPL v3 license

• Visualiza9on with Matplotlib, Paraview or ray tracer

https://github.com/anders-dc/sphere


Advantages of choosing free so1ware licenses
• Reproducible results (share all source code)

• Research products (publica4ons, so7ware) should be available to 
the general public

• Give others the opportunity to learn, build on, and improve your 
tools



Discrete Element Method
Damsgaard et al. 2015 The Cryosphere 9, 2183-2200.

5.2. Methods

pf low pf high

Particle 1

Particle 2

f 1
i

f 2
i

f 1,2
n

f 2,1
n

f 1,2
t

f 2,1
t

m1g

m2g

Figure 5.1. Schematic representation of body and surface forces
of two non-rotating and interacting particles submerged in a fluid
with a pressure gradient.

The fluid model

The inter-particle fluid is handled by conventional continuum computational fluid
dynamics (CFD). The implementation follows the compressible Darcian flow model
presented by Goren et al. (2011). This approach was favored over a full Navier-
Stokes solution of fluid flow (Gidaspow, 1994; Zhu et al., 2007; Zhou et al., 2010;
Kloss et al., 2012) since it allows for convenient parameterization of the hydrolog-
ical permeabilities. The model assumes insignificant fluid inertia, which is appro-
priate for the subglacial setting.

The volumetric fraction of the fluid phase (the porosity, �) is incorporated in
the Eulerian formulations of the compressible continuity equation and momentum
equation using the local average method (Anderson and Jackson, 1967; Xu and
Yu, 1997). The Darcy constitutive equation is used for conserving momentum
(Eq. 5.5) (McNamara et al., 2000; Goren et al., 2011):
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(v f � vp)� = � k
µf
rpf (5.5)

where v f is the fluid velocity, vp is the particle velocity, k is the hydraulic perme-
ability, �f is the adiabatic fluid compressibility and µf is the dynamic fluid viscosity.
The continuity equation (Eq. 5.4) is in the form of a transient diffusion equation
with the forcing term acting as a source/sink for the fluid pressure. The pressure,
pf, is the pressure deviation from the hydrostatic pressure distribution. This pres-
sure deviation is sometimes referred to as the excess pressure. We refrain from
using this term, as it may be misleading for pressures that are smaller than the
hydrostatic value.
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Grain contact mechanics
Damsgaard et al. 2013 J. Geophys. Res.-Earth 118, 2230-2242.
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Fig. 1: Geometry and kinematic values of particles.

entities with constant mass. For a particle i with nc contacts,
the sum of translational- and rotational forces is expressed in
two equations:
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where m is the particle mass, x is the particle position vector,
g is the gravitational force vector. I is the moment of inertia,
! is the angular velocity. A dot denotes time derivation, bold
formatting means the symbol is a three-dimensional vector.

A particle is in contact with another particle or a wall
if the volumes overlap. For spherical particles, hereafter de-
noted with superscripts i and j, contact searching is a simple
operation, involving the particle center coordinates and radii:

�

ij
n = ||xij ||� (ri + r

j) (3)

where the inter-particle vector is x

ij = x

i � x

j . Particles
overlap when �

ij
n < 0, in which case the force components

normal- (fn) and tangential (f t) to the contact plane are
determined using a conventional linear-elastic contact model
(fig. 2):
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where n

ij = x

ij
/||xij || is the contact normal vector, and

kn,t are the linear-elastic (hookean) spring coe�cients. The

tangential displacement along the contact plane (�ijt ) is calcu-
lated incrementally by temporal integration of the tangential
contact velocity, and saved for the duration of the contact.
The contact velocity �̇ is found from the translational and
rotational velocities of the particles in contact (Hinrichsen
and Wolf, 2006):
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The contact velocity is further divided into normal- (�̇
n
) and

tangential (�̇
t
) components. The magnitude of the tangential

force is limited by the Coulomb-friction criterion of static and
dynamic friction:

||f ij
t || 

(
µs||f ij

n || if ||�̇t|| = 0

µd||f ij
n || if ||�̇t|| > 0

(6)

where the static friction coe�cient (µs) is larger or equal to
the dynamic friction coe�cient (µd). When the tangential
force begins to exceed the static friction, the contact begins
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Fig. 2: Schematic representation of the contact model compo-
nents, normal- and tangential to the contact plane.

to slip along the contact plane. Strain-softening behaviour at
the contact can be introduced by having a lower dynamic-
than static friction coe�cient.

The upper limit of ||f t|| is the shear force acting along
a shear plane, which is optimally oriented towards the di-
rections of principal stress. In granular Coulomb materials,
the shear planes are made up of narrow bands (⇠10 grain
diameters) deforming plastically. The shear stress on the plane
is independent of either the extent or rate of the deformation
(Nedderman, 1992). While the macroscopic direction of the
shear bands are oriented in agreement with the Coulomb
criterion, the microscopic orientation of individual contact
surfaces between grains may vary.

The geotechnical particle assemblage behaviour is thus de-
fined by micro-mechanical parameters, while the collective
macroscopical behaviour is a result of self-organizing complex-
ity of the particles. As demonstrated by Belheine and others
(2009), the normal- and shear sti↵nesses (k) e↵ectively control
the macroscopical parameters Young’s modulus and Poisson’s
ratio, while the friction coe�cients (µ) control the magnitude
of dilatancy during deformation, which in turn governs the
shear strength.

DEM implementation
For our implementation a three-dimensional geometry was
chosen, since it allows for particle rotation around arbitrary
axes, resulting in particle interlocking and correct geometry of
the inter-particle void. The kinematic grain behaviour through
time is integrated in a fully explicit manner, and assumed to
be constant for the duration of small temporal increments
(�t). The algorithm consists of a series of steps:

1. Contact search (eq. 3): Inter-particle and wall-particle
contacts are identified.

2. Interaction (eqs. 4, 5, 6): For each particle contact, the
contact forces and rotational moments are calculated.

3. Integration (eqs. 1, 2): Particle kinematics are updated
using the sum of forces and torques, and time is increased
by �t.

Once the resulting forces (eq. 1 and 2) are found, the new val-
ues of acceleration are used to update positions and velocities.
For the temporal integration, a second-order half-step leapfrog
Verlet integration scheme was used (Fraige and Langston, 2004;
Kruggel-Emden and others, 2008). The length of the time
step has to be small enough to allow multiple updates of the
kinematics, while the elastic wave travels through even the



cfd_tests.py



capillary-cohesion.py



h"ps://youtu.be/jihHa58oWK4

shortening.py



Granular dynamics influencing ice flow



NASA/Goddard Visualiza1on Studio & Rignot et al. 2011 Science

h"ps://youtu.be/1S7Gkbd_Hxc



Ice streams moving as plug flows

Ice

Sediment

Bedrock

?



Weak sediments facilitate fast flow
Peters et al. (2006) J. Geophys. Res. 111 B01302.



Proposed sediment rheologies
Damsgaard 2015 Ph.D. thesis

2.2. Deduction of a rheological model for till
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Figure 2.2. Stress-strain behavior of various proposed rheological
models for till. The non-linear viscous law, the Bingham flow law,
and the Mohr-Coulomb strength were plotted using fitted values
by Boulton and Hindmarsh (1987) and a effective normal stress
of N = 20 kPa.

and strain rates in perfect plastic materials is 0 beneath the yield stress and un-
constrained by the material above it, as friction provided by the Mohr-Coulomb
material is insufficient to obtain stress balance:

�̇=

®
0, if ⌧< C +µN
> 0, otherwise

(2.20)

B. Kamb noted that the non-linearity in strength had possible implications for
ice stream dynamics, and that the low strength likely caused flow-limiting friction
for Whillans Ice Stream to be supplied elsewhere.

The diversity of field data on till behavior was expanded by campaigns on
smaller mountain glaciers, accompanied with significant advances in instrumenta-
tion (Blake et al., 1992). Blake et al. (1994) presented first results of subglacial
deformation beneath Trapridge Glacier, Canada, and noted that subglacial move-
ment in and over the till bed contributed more than half the observed surface
velocity. Glacier velocities varied diurnally, a finding that linked observations on
surface melt with subglacial movement through variations in basal water pressure.
Melt-water modulated the mechanical coupling between ice and bed. Observed
stick-slip behavior could be accounted for by frictional sliding between idealized
elastic blocks of ice and sediment (Fischer and Clarke, 1997), demonstrating the
importance of till elasticity on shorter time scales.

Iverson et al. (1995) and Hooke et al. (1997) investigated basal mechanics
with tiltmeters, pressure transducers, and various till strength instruments, em-
placed through boreholes in the basal till beneath Storglaciären, Sweden. Hooke
et al. (1997) demonstrated that in-situ till behavior adhered to the plastic Mohr-
Coulomb constitutive relation (Eq. 2.18), and noted a very slight increase in strength

11

Viscous: damping, Plas*c: instabili/es/oscilla/ons



Viscous sediment rheology
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Plas%c sediment rheology
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Ross sea ice streams
Joughin et al. 2004 J. Geophys. Res.-Solid 109, B09405.

velocities generated for a model ice stream using equations
(1)–(3). To generate these synthetic data, we began by
generating synthetic bed and surface topography for an ice
stream that was 20 km wide at the upstream end, widening
to 60 km at the downstream end (Figure 2). We used a
simple 2-D model [Raymond, 1996, equation 35] to simu-
late an ice stream with centerline velocities of roughly
400 m/yr. We then inverted this simple estimate to obtain
a basal shear stress distribution. Finally, we used this basal
tb solution and the bed and surface topographies to simulate
velocity using the full forward model. Figure 2 shows the
model inputs and the synthetic velocity data.

3.1. Sensitivity to Initial Condition

[21] Our first set of experiments was designed to test the
sensitivity of the inversions to the initial conditions and to
examine the uniqueness of the solutions. To accomplish
this, we used the exact data sets (e.g., surface, bed, velocity)
from the forward model in the inversion. The finite element
mesh used for the inversion was different from that used to
generate the synthetic data sets. This difference introduced
minor sampling differences.
[22] We experimented with four different initial condi-

tions. For the first case we used tb from the forward model

(‘‘truth’’) as the initial condition. For the next experiment,
we used the same tb but with noise added (‘‘truth plus
noise’’). The noise was constructed to have only wave-
lengths of roughly 10 km and greater and the rms (root
mean square) deviation of the noise was just over half that
of the rms variation of the synthetic basal shear stress. For
the third experiment, the initial guess was set to 50% of the
driving stess (‘‘50% of td’’). In the fourth experiment, we
used a constant value (‘‘constant value’’) over the entire
domain as the initial guess.
[23] The inversion attempts to minimize the performance

measure, J, which is a measure of how well the model with
the inverted basal shear stress matches the observed veloc-
ities. With the simulations, we can compare this metric
against other statistics that evaluate how well the inversion
actually determined the basal shear stress. For this purpose,
we compute the mean, mI!T, and standard deviation, sI!T, of
the difference between the inversion (I) and truth (T). We
use mI!T to assess biases in the inversion and sI!T to
evaluation random errors. We also include the cross-
correlation coefficient, r, between inversion and truth to
help evaluate how well the inversion does at determing the
spatial structure. Note since the model strictly applies only
to the fast moving areas where there is little vertical shear

Figure 1. Ice flow speed (colors) [Joughin et al., 2002] over radar imagery from the RADARSAT
Antarctic Mapping Project Mosaic [Jezek, 2002]. Flow speed at 100 m/yr intervals is contoured with thin
black lines. White vectors show subsampled velocity vectors in fast moving areas. Catchment boundaries
for individual ice streams are plotted with thick black lines. Orange lines show the locations of profiles
plotted in Figure 9.

B09405 JOUGHIN ET AL.: SHEAR STRESS OF THE ROSS ICE STREAMS
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GPS measurements from
 Whillans ice plain
Damsgaard et al. In prep.
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GPS measurements from
 Whillans ice plain
Damsgaard et al. In prep.
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Discrete-element experiments
Damsgaard et al. In prep.



Damsgaard et al. In prep.

h"ps://youtu.be/e2SR5woJgVU

halfshear-darcy-stress-mod-starter.py



Damsgaard et al. In prep.



Damsgaard et al. In prep.



Creep by micro-deforma0on
 of the granular skeleton

Damsgaard et al. In prep.

τ

Pw

σzz

σcmax

τ

Pw

σzz

σcmax

B



Creeping sediment
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Summary
• Discrete element method inherently captures granular dynamics 

but is computa6onally expensive

• Granular materials neither a perfect plas6c material or a viscous 
fluid

• Plas6c slip above yield stress, creep below when driving stresses 
change
> Glacier beds
> Tremor and fault creep
> Hillslope movement
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